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The three known integrals of the Euler equations describing the subject
motion permit, in principle, the lowering of the order of the equations
of motion from the sixth to the third, and by eliminating the independ-~
ent variable, to the second order.

Many attempts were made to realize such order reduction. However, in
a number of papers such efforts were incomplete (for example, the ob-
tained system was of fourth order), or were subject to certain limita-
tions (for example, requiring that the body inertia ellipsoid be an
ellipsoid of rotation), or finally, these attempts required operations
the results of which could not he expressed explicitely in the general
case (for example, the solution of an algebraic equation of a general
type of sufficiently high order).

In the present paper, the considered problem in the general case is
reduced to two equations of first order each. These equations are of
simplest form in the special rectangular system of coordinates the axes
of which, generally speaking, do not coincide with the principal axes
of the inertia ellipsoid for the body with a fixed point. At the same
time the Chaplygin-Kowalewski equations are generalized. The restric-
tion on the location of center of gravity of the body is removed.

1. Order reduction of the Fuler equations. In the body-centered
system of coordinates the time-variation of the vector x, the angular
momentum of the body relative to its fixed point, and of the vector y
directed along the gravity force and having the magnitude equal to the
product of the body weight and the distance between the fixed point and
the center of gravity, is described by the Euler equations fl]
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dx/dt + o X x=e Xy, dy/dt+ @ Xy=0 (1.1)

Here w is the angular velocity of the body, and e is the unit vector
directed from the fixed point to the center of gravity of the body.

Let us reduce the order of equations (1.1), utilizing the known inte-
grals

T —e.y=h, X-y=um, vy =12 (1.2)

Here T = 1/2 @ x x is the kinetic energy of the body, and h and m are
integration constants. From the first equation in (1.1) and the first
integral in (1.2) we find

y=T—het dx/dt+aX1x)Xe (1.3)
Let us substitute (1.3) into the second and third integrals of (1.2)
(dx/dt4+ @ X x){e X x) + (T —h)(e-X)=m  (dx/dt + 0 X x)’+ (T —h)2=172 (1.4)
Also, the first equation in (1.1) yields
e(dx/dt+ @ X x) =0 (1.5)

The three equations (1.4) and (1.5) define the components of the
vector x but do not contain y.

If the coordinate axes are directed along the principal axes of the
inertia ellipsoid for the body with a fixed point, and the projections
of the vectors @, X, y, e are respectively denoted by p, ¢, r; 4p, Bg,
Cr; Yy Yor Y3 and €1, €9, €3, then equations (1.1) and integrals (1.2)
are expressed as

Adp /dt + (C— B) gr = es¥s — e5Ya, @Yy /dt = rys — gV (1.6)
(123), (pgr). (ABC)

Yo(ApE + B¢ +Cr) —epyi=h, Apyy+ Bevs +Crys=m, yiyi=vy* (1.7)

The omitted equations are obtainable from (1.6) by simultaneous
cyclic permutation of indices ‘and letters indicated in the parentheses.
In (1.7) double indexing denotes summation from 1 to 3. Such shortened
notation is also used in the sequel.

Using the principal axes, equations (1.4) and (1.5) are

d /[ dt(Ape; + Bgeg + Creg) + (C — B) eyqr + (A — C) egrp + (B — A) egpg = 0
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(Cre, — Bqey) [Adp [ dt + (C — B) qr] + (Apey — Cre)) {Bdgq [ dt 4 (4 — C) rp] +
4 (Bgey, — Ape,y) (Cdr [ dt + (B — A) pql +
+ (Apey + Bgey + Crey) {Yy (Ap? + Bg® 4 Cr®) — k] = (1.8)
lAdp / dt + (C — B) ¢r*+ [Bdg / dt + (A — C) rp]* + (Cdr / dt + (B — A) pg]* +
+ My (Ap* + Be® + Cr?) — A2 = 4*

and formulas (1.3) are

Y1 = Begdg/dt — Ceydr/dt + [(4 — B) esq + (4 — C) e5r]l p + o, [V (A0 4
+ Bgt 4 Cr?) — k] 123), (pgr), (ABC)

It is more convenient to use the special rectangular system of coordi-~
nates. The first coordinate axis is directed through the center of
gravity of the body, while the second and third axis will be directed
so that the product yz will be missing in the expression for the kinetic
energy of the body which is a quadratic form of the components of
vector x:

T = 1, (az® + ay? + ay2%) + (by + by2) o

(the constants a, a;, ay, b1 and b2 are determined from the mass dis-
tribution in the body). then (1, 0, 0) are the components of the unit
vector e

Wy = ax + by + byz, ©g = ayy + bz, Wg = ayz + byx

the components of the vector y are denoted as previously by y,, vy, and
Y3

Equations (1.1) and integrals (1.2) referred to the special axes are

dr [ dt = (a3 — @ay) yz + (byy — by2) « 1.9
dy [ dt = (a — ay) xz + by + by2) z — byx® — v, (1.10)
dz/dt = — (a — a;) zy — (byy + by2) y + by2® + v,

1y (a2? 4 ayy® 4 a2%) + (byy + baz) z — vy = h, Ty =m, yivi=v: (1.11)

Equation (1.5) reduces to (1.9), while equations (1.4) become

ydz/dt— zdy[dt + (¥ + 2%) (byy + by2) +
+ z [(a — Ypay) ¥* + (@ — Yqa,) 28] + Veax® — hx =m

[(as — a) xz — (byy + baz) 2 + bya® + dy [ dt]? - (1.12)
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+ [ay — a) a2y — (byy + byz2) y -+ byz® — dz [ dt]? +
4+ [Yy (a2® + ay? + ay2%) 4 (hyy A byz) x — R]2 = ¥

The solutions for which x = const, are obtained from system (1.9) and
(1.12) only in the cases of Lagrange [2], Hess [3], Bobylev [4] and
Steklov [5), and in the case of body motion with a fixed axis. Disregard-
ing these cases we choose x as an independent variable and reduce the
problem to two equations of first order

ag — ay) ¥z + (boy — by2) z] (ydz [ de — zdy [ dz) + (¥* + %) (b + b27) +
+ 2 [(a — Yyay) ¥® + (a — Yaa)) 2*] + pa2® — he —m =0

{lag — ap) yz + (bgy — by2) zl dy / dx + {ag — @) zz — (byy -+ bg2) 7 + bye®}® +
+ {l{ay — ay) yz + (byz — byy) x] dz [ dz + (ay ~— @) zy — (byy + by2) y + by2?}*+
+ /g (ax? + ayy® - agz®) + (yy + be2) 2 — A} F =0 (1.13)

Equations (1.13) permit interchange of the quantities y and z for
simultaneous interchange of the indices 1 and 2.

Pinding the dependence of y and z on x from (1.13), the dependence
of t on x is found from (1.9) by quadrature. The dependence of yy, Yg
and y;, or x is given by the formulas

Yo=Yy (az® + apy® + a2 + by + byz) v — k
T = (g~ ap 2y + (byy + 52} ¥ — bya? + [(ay — ay) yz + (bpy — #y2) ] dz [ dz
T3 = (@ — ag) 2z b (byy + byz) z — byx? -+ [(ay — a3) yz + (byz — byy) zl dy [ d=

which were obtained from (1.10), (1,11) and (1.9).
The equations indicated by Hess [3} follow from (1.8). Analogously,

we find frow (1.13) that

W 4+ 2% Hag — a) yz -+ (bhoy — by2) wl dy / dow =
= (y? + 2% la — &y) #z + (byy + by2) z — by2?] +
4 xz [Vy (a2® 4 a;9® + ap2®) 4 (byy + b2} # — k] — mz 4 yR

{y?* -+ 22 [{ag — a9) yz + (B2 — byy) zldz /de =
= (y* + 2% e — ay) zy + By + by2) y — by2®] +
+ xy [V, (ax? 4+ ayy? + ag2?) + (byy + byz) # — h] — my — 2R

where

R? = (4 + ) 7%+ 2mx [y (a2® + ayy® + ag2®) + (byy + by2) 2 — k] —
— (2% + y? b 2?) [y (a2 - ay? + a2 + (b o+ be2) @ — RIE — m?
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2. Equations of motion in oblique coordinates. Let us refer to the
body a rectilinear oblique system of coordinates with the origin at the
fixed point. The directed vectors a; (i = 1, 2, 3) along the axes of
this system, generally speaking, have a different modulus and form the
main coordinate basis.

For the vectors 3" of the mutual basis we have the formulas
649" =9;X;, where

ik = 3;(3; X 3;) (2.1)
€;j i the Levi-Civita tensor le].

Let us define the vector for angular rotation by the relationship [7]

. da; :
r__1 i 5. ®i i is the angular
O =569 (“%-_'jﬁ‘ 2 velocity tensor )
We have m =gt kmk, and differentiating the radius-vector r = rb

of a point on the body, we find its velocity v/ = € ]kr iwk; thereafter
we have the vector

X = S rxXvdm or 7 = A;0° (Ais = 64 lesg r’r’dm)

where A,  is the inertia tensor. Since det IAisI # 0 then o° = aSIxi.

The symmetric tensor a®' can be naturally called a gyration tensor. Let
us substitute x = z;', ¥ = 1'9;, e = ¢'a;; into equations

dx/dt =eX7,dr/dt=0

characterizing the variation of the angular momentum of the body and
the constancy of the vector y in the fixed coordinate system.

We then obtain
dz; [ dt + sjika”x,xj = skjiek'rj 2.2)
ar'/dt + e} dzr =0 (2.3)

The closed system of Euler equations is of sixth order. The following
integrals are known

Vi, — et =h,  zr=m 17 =1 (2.4)

In the following the easily verifiable relationship is used
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imn ke 3¢ - . Tis n o .n .
§ %h-m ~43.8w —u, jw] wd~a'q1samﬂﬂctmmw)@m

stemming from (2.1) and valid for any tensors uz ‘- and wf:.

Multiplying (2.2) by gimn
integral in (2.4), we obtain

taking into account (2.5) and the first

m*

A" ei"mam (dz;/ dt -+ sjikaua:,zj) + " (*,@a"s:ti:x:s — k) (2.6}

while by substituting (2.6) into the second and third integral in (2.4)
we find

sz‘mnemxﬂ (dl'i/ dt + Gjikak‘:tl’l«') + e"‘xn (‘laai’zﬂs —h=m

2.7

£ (dzy] dt + elyal'niz) (doy [t + o na™z,m) + (g Prgy— B =18 D)
Along with the equation

€ (dz;/dt + &a¥mz) =0 2.8

obtainable from (2.2), equations (2.7) constitute a system of third
order.

Substituting now (2.6) into (2.3) we obtain

eﬂtiekdgxildtg + (zg‘ilaks + is kit gj:a il gkl il) ehxsdxll d¢+
+ ‘j - ahm (l/ga.lgk’ ng kl) Ty LT — hs“ kl e’x, =0 (2-9)

The determinant of fejkiekl is equal to zero and, consequently, a
certain linear combination of equations (2.9) does not contain second
derivatives, Multiplying (2.9) by e;, Wwe obtain equation (2.8) which
along with the two equations in (2.9), constitutes a system of fifth
order,

3. Reduction of the equations of motion to second order. The equa-
tions (2.7) and (2.8) are written in an arbitrary coordinate system.
Now we will direct the first coordinate axis through the center of
gravity of the body. Also e1 = e, e2 =3 = 0, LF PN and equation
(2.8) is given by

dzy [ dt + Vg (¥ — ga®) 22, = 0 3.1)

where g = det lgijl. Disregarding the known solutions noted in Section 1
for which x, = const, we eliminate t from (2.7) with the aid of (3.1),
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as_well as with the use of the relationship € ]lk“ —~Jg (g3ja21 -
ng 3! ) (123) already used in deriving equation (3.1). We obtain

{(gn®1 — guxs) doal dzy — (g 71 — guiZ0) day ] dxy] (ngasl 3’ 21) ;% +
+ {(gg121— 80179 (guasl - g:uall) + (g1 — g11%2) (81]‘121 2] ll)] z;50; +

+ 21 (2 2z — h)—mje=0 (3.2)

g2 [(g¥a% — ga¥) » aidzy | dzy + (g — g¥al) 2, +
+ g% [(Eﬁaal 3J 2’) x; :cld:cs] dzy -+ (g2Jall U 2l) z; z'l]z -+
+ 2% [(g¥a¥ — g*a?) oz dzy [ dxy +
+ (g™ — g¥aY) 2,2)) [(H'a™ — o) zimydzy] dzy + (%0 — g™ 2z, ) +
+ (a oz, — h)g— 2= 0
Thus, with the exception of the cases xy = const, the problem of the

motion of a heavy rigid body having a fixed point is reduced to two
ordinary differential equations of first order each.

Having determined from these equations the dependence of x, and x4
on x,, we establish by quadrature the connection between x4 and t from
(3.1).

The quantities yi are then found without integration from formulas
(2.7) which in this case become

n (gau_ g S22) (2 — a2y, + (L . o)

ig8l j ol dxs 2j 1l 17,20 (3-3)
v = g (70" — ) 2y 22+ (Fat — ) 2] o

In passing to the special rectangular system of coordinates the equa-
tions (3.1), (3.2) and (3.3) reduce to (1.10), (1.13) and (1.14). One
of the equations in (2.9) coincides with (1.10), while the remaining
two equations become after elimination of the variable ¢

d dy
[(ag — ay) yz + (byy — by2) =] po [(az — a;) yz + (bgy — by2) z] o —
— (ag — ap) yz + (bsy — by2) =] {[(2a — a9 =+ gz + 2y 5+ bur Y+
+ (Yga® — b%) y® — 2bybyyPz 4+ Ha — ag) (a; — ag) + Yaaye, — bzzl yz* +
+ 1/,b; (5ay — 4a) zy? -+ 3b, (ag — ay) wyz + Yoby (22 — ag) 22 +
+ (2% [2 (b + bY) — Ysa (2a — 3ap))— hay} y + ¥pabye® — hbyzr =0 (2, wo (3.4

Evidently, (1.13) are the first integrals of the equations (3.4). In
particular, if the body center of gravity is on one of the principal
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axes of the gyrational ellipsoid, then (3.4) yield the equations of
Chaplygin-Kowalewski. Indeed, letting by = b2 =90, a = 1/4, a, = 1/B,
a, = 1/C, x = Ap, y = Bq, z = Cr we obtain from (3.4)

B @@ | 1dr dgt drs
—B—-0%r 2 M) —(B—C)(2C — A) p=
=X )(r dp2+2dpdp) ( ) )P+

+ A2+ [2(C—A)(C—B) + AC] r* 4+ 4 (34 — 2B) p* — 2hA = 0 (qr), (BC)

Introducing now the new variables

_B—¢C
T4

we obtain the Kowalewski equations. The Chaplygin equations are obtained
with

s qﬂ' T=

Q
!
EN

2 AA—B 2
2 . 4 2 = . p? —
Feg© r=rz—cPte°
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